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Chapter 1

Introduction

We follow for the most part the structure of [SY25].
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Chapter 2

The Noperthedron

2.1 Definition of the Noperthedron
We define three points 𝐶1, 𝐶2, 𝐶3 ∈ ℚ3.

𝐶1 ≔ 1
259375205

⎛⎜
⎝

152024884
0

210152163
⎞⎟
⎠

, 𝐶2 ≔ 1
1010

⎛⎜
⎝

6632738028
6106948881
3980949609

⎞⎟
⎠

,

𝐶3 ≔ 1
1010

⎛⎜
⎝

8193990033
5298215096
1230614493

⎞⎟
⎠

.

Lemma 1. ‖𝐶1‖ = 1, 98
100 < ‖𝐶2‖ < 99

100 , and 98
100 < ‖𝐶3‖ < 99

100 .

Proof. Trivial arithmetic.

Lemma 2. The radius of the Noperthedron is one.

Proof. By Theorem 1, Theorem 24, ??, and Theorem 7.

Rotations about the 𝑥, 𝑦, 𝑧 axes 𝑅𝑥, 𝑅𝑦, 𝑅𝑧 ∶ ℝ → ℝ3×3 are defined in the usual way:

𝑅𝑥(𝛼) ≔ ⎛⎜
⎝

1 0 0
0 cos 𝛼 − sin 𝛼
0 sin 𝛼 cos 𝛼

⎞⎟
⎠

, 𝑅𝑦(𝛼) ≔ ⎛⎜
⎝

cos 𝛼 0 − sin 𝛼
0 1 0

sin 𝛼 0 cos 𝛼
⎞⎟
⎠

,

𝑅𝑧(𝛼) ≔ ⎛⎜
⎝

cos 𝛼 − sin 𝛼 0
sin 𝛼 cos 𝛼 0

0 0 1
⎞⎟
⎠

.

Where Steininger and Yurkevich define a 30-element set 𝐶30

𝒞30 ≔ {(−1)ℓ𝑅𝑧 (2𝜋𝑘
15 ) ∶ 𝑘 = 0, … , 14; ℓ = 0, 1} .

of rotations, we instead define
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Definition 3.
𝒞15 ≔ {𝑅𝑧 (2𝜋𝑘

15 ) ∶ 𝑘 = 0, … , 14} .

without point-symmetricness ‘baked in’ as it is in 𝐶30. It’s more convenient for the formal-
ization to apply 𝐶15 to the points 𝐶1, 𝐶2, 𝐶3, and then point-symmetrize that set afterwards.

Definition 4. A set 𝑆 ⊆ ℝ3 is point-symmetric if 𝑥 ∈ 𝑆 implies −𝑥 ∈ 𝑆.

Definition 5. The pointsymmetrization of a collection of vertices 𝑣1, … , 𝑣𝑛 ∈ ℝ3 is 𝑣1, … , 𝑣𝑛, −𝑣1, … , −𝑣𝑛.

We write 𝒞15 ⋅ 𝑃 = {𝑐𝑃 for 𝑐 ∈ 𝒞15} for the orbit of 𝑃 under the action of 𝒞15.

Definition 6. The Noperthedron is polyhedron given by the vertex set that is the pointsym-
metrization of

𝒞15 ⋅ 𝐶1 ∪ 𝒞15 ⋅ 𝐶2 ∪ 𝒞15 ⋅ 𝐶3

Lemma 7. The norm of any vertex in the prepointsymmetrized version of the Noperthedron is
no more than 1.

Proof. Evident from definitions.

Lemma 8. The pointsymmetrization of any set is point-symmetric.

Proof. Evident from definitions.

Lemma 9. The noperthedron is point-symmetric.

Proof. Follows from Lemma 8.

2.2 Refined Rupert’s property for the Noperthedron
Lemma 10. Let P = NOP, then for all 𝜃, 𝜑, 𝛼 ∈ ℝ, the following three identities hold (as sets):

𝑀(𝜃 + 2𝜋/15, 𝜑) ⋅ P = 𝑀(𝜃, 𝜑) ⋅ P,
𝑅(𝛼 + 𝜋)𝑀(𝜃, 𝜑) ⋅ P = 𝑅(𝛼)𝑀(𝜃, 𝜑) ⋅ P,

(1 0
0 −1) 𝑀(𝜃, 𝜑) ⋅ P = 𝑀(𝜃 + 𝜋/15, 𝜋 − 𝜑) ⋅ P .

Proof. See [SY25], Lemma 7.

Corollary 11. If the noperthedron is Rupert, then there exists a solution with

𝜃1, 𝜃2 ∈ [0, 2𝜋/15] ⊂ [0, 0.42],
𝜑1 ∈ [0, 𝜋] ⊂ [0, 3.15],
𝜑2 ∈ [0, 𝜋/2] ⊂ [0, 1.58],
𝛼 ∈ [−𝜋/2, 𝜋/2] ⊂ [−1.58, 1.58].

Proof. See [SY25], Lemma 8.
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Chapter 3

Bounding Rotations

Lemma 12. For any 𝛼, 𝜃, 𝜑 ∈ ℝ and 𝑎 ∈ {𝑥, 𝑦, 𝑧} one has ‖𝑅(𝛼)‖ = ‖𝑅𝑎(𝛼)‖ = ‖𝑀(𝜃, 𝜑)‖ = 1.

Proof. See [SY25], Lemma 9.

Lemma 13. Let 𝜀 > 0, |𝛼−𝛼| ≤ 𝜀 and 𝑎 ∈ {𝑥, 𝑦, 𝑧} then ‖𝑅𝑎(𝛼)−𝑅𝑎(𝛼)‖ = ‖𝑅(𝛼)−𝑅(𝛼)‖ < 𝜀.

Proof. See [SY25], Lemma 10.

Lemma 14. For all 𝑎, 𝑏 ∈ ℝ with |𝑎|, |𝑏| ≤ 2 the following inequality holds:

(1 + cos(𝑎))(1 + cos(𝑏)) ≥ 2 + 2 cos (√𝑎2 + 𝑏2),

with equality only for 𝑎 = 0 or 𝑏 = 0.

Proof. Use the Jensen inequality. See [SY25], Lemma 11.

Lemma 15. For any 𝛼, 𝛽 ∈ ℝ one has

‖𝑅𝑥(𝛼)𝑅𝑦(𝛽) − Id ‖ ≤ √𝛼2 + 𝛽2

with equality only for 𝛼 = 𝛽 = 0.

Proof. See [SY25], Lemma 12.

Lemma 16. Let 𝜀 > 0 and |𝜃−𝜃|, |𝜑−𝜑| ≤ 𝜀 then ‖𝑀(𝜃, 𝜑)−𝑀(𝜃, 𝜑)‖, ‖𝑋(𝜃, 𝜑)−𝑋(𝜃, 𝜑)‖ <
√

2𝜀.
Proof. See [SY25], Lemma 13.

Lemma 17. Let 𝑃 ∈ ℝ3 with ‖𝑃 ‖ ≤ 1. Further, let 𝜀 > 0 and 𝜃, 𝜑, 𝜃, 𝜑 ∈ ℝ such that
|𝜃 − 𝜃|, |𝜑 − 𝜑| ≤ 𝜀. If ⟨𝑋(𝜃, 𝜑), 𝑃 ⟩ >

√
2𝜀 then ⟨𝑋(𝜃, 𝜑), 𝑃 ⟩ > 0.

Proof. See [SY25], Lemma 14.

Lemma 18. Let 𝑃 ∈ ℝ3 with ‖𝑃 ‖ ≤ 1. Further, let 𝜀, 𝑟 > 0 and 𝜃, 𝜑, 𝜃, 𝜑 ∈ ℝ such that
|𝜃 − 𝜃|, |𝜑 − 𝜑| ≤ 𝜀. If ‖𝑀(𝜃, 𝜑)𝑃‖ > 𝑟 +

√
2𝜀 then ‖𝑀(𝜃, 𝜑)𝑃‖ > 𝑟.

Proof. See [SY25], Lemma 15.

Lemma 19. Let 𝜀 > 0 and |𝜃−𝜃|, |𝜑−𝜑|, |𝛼−𝛼| ≤ 𝜀 then ‖𝑅(𝛼)𝑀(𝜃, 𝜑)−𝑅(𝛼)𝑀(𝜃, 𝜑)‖ <
√

5𝜀.
Proof. See [SY25], Lemma 16.
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Chapter 4

Preliminaries

TODO: This whole chapter needs organization, it’s just a grab bag of miscellaneous results for
now.

4.1 Rupert Sets
Theorem 20 (Rupert Polyhedron iff Rupert Set). The following are equivalent:

• The convex polyhedron with vertex set 𝑣 is Rupert.

• The convex closure of 𝑣 is a Rupert set.

Proof. TODO: import this from the other repo

4.2 Poses
TODO

Theorem 21. Given a pose with zero offset, there exists a view pose that is equivalent to it.

4.3 Pointsymmetry and Rupertness
Theorem 22. If a set is point symmetric and convex, then it being Rupert implies it being purely
rotationally Rupert.

Proof. TODO: informalize proof

Theorem 23. Suppose 𝑆 is a finite set of points in ℝ𝑛. The radius of the polyhedron 𝑆 is 𝑟 iff

• there is a vector 𝑣 ∈ 𝑆 with ‖𝑣‖ = 𝑟
• all vectors 𝑣 ∈ 𝑆 have ‖𝑣‖ ≤ 𝑟

Proof. Immediate from definition.

Theorem 24. Pointsymmetrization preserves radius.

Proof. Because the reflection of a point about the origin preserves its norm.
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Chapter 5

The Global Theorem

Lemma 25. Suppose 𝑉 = 𝑉1, … , 𝑉𝑚 ⊆ ℝ𝑛 be a finite sequence of points. Suppose Co(𝑉 ) is its
convex hull. Let 𝑆 ∈ Co(𝑉 ) and 𝑤 ∈ ℝ𝑛 be given. then

⟨𝑆, 𝑤⟩ ≤ max
𝑖

⟨𝑉𝑖, 𝑤⟩

Proof. This is a mild generalization of [SY25], Lemma 18.
Since 𝑆 ∈ Co(𝑉 ), we have

𝑆 =
𝑚

∑
𝑗=1

𝜆𝑗𝑉𝑗

for some 𝜆1, … , 𝜆𝑚 ∈ [0, 1] with

1 =
𝑚

∑
𝑗=1

𝜆𝑗

Therefore

⟨𝑆, 𝑤⟩ = ⟨
𝑚

∑
𝑗=1

𝜆𝑗𝑉𝑗, 𝑤⟩ =
𝑚

∑
𝑗=1

𝜆𝑗 ⟨𝑉𝑗, 𝑤⟩ ≤
𝑚

∑
𝑗=1

𝜆𝑗 max
𝑖

⟨𝑉𝑖, 𝑤⟩

= max
𝑖

⟨𝑉𝑖, 𝑤⟩
𝑚

∑
𝑗=1

𝜆𝑗 = max
𝑖

⟨𝑉𝑖, 𝑤⟩

as required.

Lemma 26. Let 𝑆 ∈ ℝ3 and 𝑤 ∈ ℝ2 be unit vectors and set 𝑓(𝑥1, 𝑥2, 𝑥3) = ⟨𝑅(𝑥3)𝑀(𝑥1, 𝑥2)𝑆, 𝑤⟩.
Then for all 𝑥1, 𝑥2, 𝑥3 ∈ ℝ and any 𝑖, 𝑗 ∈ {1, 2, 3} it holds that

∣ d2𝑓
d𝑥𝑖d𝑥𝑗

(𝑥1, 𝑥2, 𝑥3)∣ ≤ 1.

Proof. See [SY25], Lemma 19.

Lemma 27. Let 𝑓 ∶ ℝ𝑛 → ℝ be a 𝐶2-function and 𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑛 ∈ ℝ such that |𝑥1 −
𝑦1|, … , |𝑥𝑛 − 𝑦𝑛| ≤ 𝜀. If ∣𝜕𝑥𝑖

𝜕𝑥𝑗
𝑓(𝑥1, … , 𝑥𝑛)∣ ≤ 1 for all 𝑖, 𝑗 ∈ {1, … , 𝑛} then

|𝑓(𝑥1, … , 𝑥𝑛) − 𝑓(𝑦1, … , 𝑦𝑛)| ≤ 𝜀
𝑛

∑
𝑖=1

|𝜕𝑥𝑖
𝑓(𝑥1, … , 𝑥𝑛)| + 𝑛2

2 𝜀2.
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Proof. See [SY25], Lemma 20.

Theorem 28 (Global Theorem). Let P be a pointsymmetric convex polyhedron with radius
𝜌 = 1 and let 𝑆 ∈ P. Further let 𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼 ∈ ℝ and let 𝑤 ∈ ℝ2 be a unit vector. Denote
𝑀1 ≔ 𝑀(𝜃1, 𝜑1), 𝑀2 ≔ 𝑀(𝜃2, 𝜑2) as well as 𝑀1

𝜃 ≔ 𝑀𝜃(𝜃1, 𝜑1), 𝑀1
𝜑 ≔ 𝑀𝜑(𝜃1, 𝜑1) and

analogously for 𝑀2
𝜃, 𝑀2

𝜑
. Finally set

𝐺 ≔ ⟨𝑅(𝛼)𝑀1𝑆, 𝑤⟩ − 𝜀 ⋅ (|⟨𝑅′(𝛼)𝑀1𝑆, 𝑤⟩| + |⟨𝑅(𝛼)𝑀1
𝜃𝑆, 𝑤⟩| + |⟨𝑅(𝛼)𝑀1

𝜑𝑆, 𝑤⟩|) − 9𝜀2/2,
𝐻𝑃 ≔ ⟨𝑀2𝑃 , 𝑤⟩ + 𝜀 ⋅ (|⟨𝑀2

𝜃𝑃 , 𝑤⟩| + |⟨𝑀2
𝜑𝑃 , 𝑤⟩|) + 2𝜀2, for 𝑃 ∈ P .

If 𝐺 > max𝑃∈P 𝐻𝑃 then there does not exist a solution to Rupert’s condition with

(𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼) ∈ 𝑈 ≔ [𝜃1 ± 𝜀, 𝜑1 ± 𝜀, 𝜃2 ± 𝜀, 𝜑2 ± 𝜀, 𝛼 ± 𝜀] ⊆ ℝ5 .

Proof. See [SY25], Section 4.2.
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Chapter 6

The Local Theorem

Lemma 29. For any 𝑃 ∈ ℝ3 one has ∥𝑀(𝜃, 𝜑)𝑃 ∥2 = ‖𝑃‖2 − ⟨𝑋(𝜃, 𝜑), 𝑃 ⟩2.

Proof. See [SY25], Lemma 21.

Definition 30. Given 𝑣1, … , 𝑣𝑛 ∈ ℝ𝑛 write span+(𝑣1, … , 𝑣𝑛) for the set (simplicial cone) in ℝ𝑛

defined by

span+(𝑣1, … , 𝑣𝑛) = {𝑤 ∈ ℝ𝑛 ∶ ∃𝜆1, … , 𝜆𝑛 > 0 s.t. 𝑤 =
𝑛

∑
𝑖=1

𝜆𝑖𝑣𝑖},

which is the natural restriction of span(𝑣1, … , 𝑣𝑛) to positive weights.

Lemma 31. Let 𝑉1, 𝑉2, 𝑉3, 𝑌 , 𝑍 ∈ ℝ3 with ‖𝑌 ‖ = ‖𝑍‖ and 𝑌 , 𝑍 ∈ span+(𝑉1, 𝑉2, 𝑉3). Then at
least one of the following inequalities does not hold:

⟨𝑉1, 𝑌 ⟩ > ⟨𝑉1, 𝑍⟩,
⟨𝑉2, 𝑌 ⟩ > ⟨𝑉2, 𝑍⟩,
⟨𝑉3, 𝑌 ⟩ > ⟨𝑉3, 𝑍⟩.

Proof. See [SY25], Lemma 23.

Lemma 32. For 𝐴, 𝐴, 𝐵, 𝐵 ∈ ℝ𝑛×𝑛 and 𝑃1, 𝑃2 ∈ ℝ𝑛 it holds that

|⟨𝐴𝑃1, 𝐵𝑃2⟩ − ⟨𝐴𝑃1, 𝐵𝑃2⟩| ≤ ‖𝑃1‖ ⋅ ‖𝑃2‖ ⋅ (‖𝐴 − 𝐴‖ ⋅ ‖𝐵‖ + ‖𝐴‖ ⋅ ‖𝐵 − 𝐵‖ + ‖𝐴 − 𝐴‖ ⋅ ‖𝐵 − 𝐵‖).

Proof. See [SY25], Lemma 24.

Lemma 33. For 𝐴, 𝐵 ∈ ℝ𝑛×𝑛 and 𝑃1, 𝑃2 ∈ ℝ𝑛 one has

|⟨𝐴𝑃1, 𝐴𝑃2⟩ − ⟨𝐵𝑃1, 𝐵𝑃2⟩| ≤ ‖𝑃1‖ ⋅ ‖𝑃2‖ ⋅ ‖𝐴 − 𝐵‖ ⋅ (‖𝐴‖ + ‖𝐵‖ + ‖𝐴 − 𝐵‖).

Proof. See [SY25], Lemma 25.

Lemma 34. Let 𝐴, 𝐵, 𝐶 ∈ ℝ2 be such that ⟨𝑅(𝜋/2)𝐴, 𝐵⟩, ⟨𝑅(𝜋/2)𝐵, 𝐶⟩, ⟨𝑅(𝜋/2)𝐶, 𝐴⟩ > 0.
Then the origin lies strictly in the triangle 𝐴𝐵𝐶.

Proof. See [SY25], Lemma 26.
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Definition 35. Let 𝜃, 𝜑 ∈ ℝ, 𝜀 > 0, and set 𝑀 ∶= 𝑀(𝜃, 𝜑). Three points 𝑃1, 𝑃2, 𝑃3 ∈ ℝ3 with
‖𝑃1‖, ‖𝑃2‖, ‖𝑃3‖ ≤ 1 are called 𝜀-spanning for (𝜃, 𝜑) if it holds that:

⟨𝑅(𝜋/2)𝑀𝑃1, 𝑀𝑃2⟩ > 2𝜀(
√

2 + 𝜀),
⟨𝑅(𝜋/2)𝑀𝑃2, 𝑀𝑃3⟩ > 2𝜀(

√
2 + 𝜀),

⟨𝑅(𝜋/2)𝑀𝑃3, 𝑀𝑃1⟩ > 2𝜀(
√

2 + 𝜀).

Lemma 36. Let 𝑃1, 𝑃2, 𝑃3 ∈ ℝ3 with ‖𝑃1‖, ‖𝑃2‖, ‖𝑃3‖ ≤ 1 be 𝜀-spanning for (𝜃, 𝜑) and let 𝜃, 𝜑 ∈ ℝ
such that |𝜃 − 𝜃|, |𝜑 − 𝜑| ≤ 𝜀. Assume that ⟨𝑋(𝜃, 𝜑), 𝑃𝑖⟩ > 0 for 𝑖 = 1, 2, 3. Then

𝑋(𝜃, 𝜑) ∈ span+(𝑃1, 𝑃2, 𝑃3).
Proof. See [SY25], Lemma 28.

Lemma 37. Let 𝑃 , 𝑄 ∈ ℝ3 with ‖𝑃 ‖, ‖𝑄‖ ≤ 1. Let 𝜀 > 0 and 𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼 ∈ ℝ, then set

𝑇 ≔ (𝑅(𝛼)𝑀(𝜃1, 𝜑1)𝑃 + 𝑀(𝜃2, 𝜑2)𝑄) /2 ∈ ℝ2,

and 𝛿 ≥ ‖𝑇 −𝑀(𝜃2, 𝜑2)𝑄‖. Finally, let 𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼 ∈ ℝ with |𝜃1 −𝜃1|, |𝜑1 −𝜑1|, |𝜃2 −𝜃2|, |𝜑2 −
𝜑2|, |𝛼 − 𝛼| ≤ 𝜀. Then 𝑅(𝛼)𝑀(𝜃1, 𝜑1)𝑃 , 𝑀(𝜃2, 𝜑2)𝑄 ∈ Disc𝛿+

√
5𝜀(𝑇 ).

Proof. See [SY25], Lemma 30.

Definition 38. Let 𝒫 ⊂ ℝ2 be a convex polygon and 𝑄 ∈ 𝒫 one of its vertices. Assume that
for some 𝑄 ∈ ℝ2 it holds that 𝑄 ∈ Disc𝛿(𝑄), i.e. ‖𝑄 − 𝑄‖ < 𝛿. Define Sect𝛿(𝑄) ≔ Disc𝛿(𝑄) ∩ 𝒫∘

as the intersection between Disc𝛿(𝑄) and the interior of the convex hull of 𝒫.
Moreover, 𝑄 ∈ 𝒫 is called 𝛿-locally maximally distant with respect to 𝑄 (𝛿-LMD(𝑄)) if for all

𝐴 ∈ Sect𝛿(𝑄) it holds that ‖𝑄‖ > ‖𝐴‖.
Lemma 39. Let 𝒫 be a convex polygon and 𝑄 ∈ 𝒫 be one of its vertices. Let 𝑄 ∈ ℝ2 with
‖𝑄 − 𝑄‖ < 𝛿 for some 𝛿 > 0. Assume that for some 𝑟 > 0 such that ‖𝑄‖ > 𝑟 it holds that

⟨𝑄, 𝑄 − 𝑃𝑗⟩
‖𝑄‖‖𝑄 − 𝑃𝑗‖

≥ 𝛿/𝑟,

for all other vertices 𝑃𝑗 ∈ 𝒫 ∖𝑄. Then 𝑄 ∈ 𝒫 is 𝛿-locally maximally distant with respect to 𝑄.

Proof. See [SY25], Lemma 32.

Lemma 40. Let 𝜀 > 0 and 𝜃, 𝜃, 𝜑, 𝜑 ∈ ℝ with |𝜃 − 𝜃|, |𝜑 − 𝜑| ≤ 𝜀. Define 𝑀 = 𝑀(𝜃, 𝜑) and
𝑀 = 𝑀(𝜃, 𝜑) and let 𝑃 , 𝑄 ∈ ℝ3 with ‖𝑃 ‖, ‖𝑄‖ ≤ 1. Then:

⟨𝑀𝑃, 𝑀(𝑃 − 𝑄)⟩
‖𝑀𝑃‖ ⋅ ‖𝑀(𝑃 − 𝑄)‖ ≥ ⟨𝑀𝑃, 𝑀(𝑃 − 𝑄)⟩ − 2𝜀‖𝑃 − 𝑄‖ ⋅ (

√
2 + 𝜀)

(‖𝑀𝑃‖ +
√

2𝜀) ⋅ (‖𝑀(𝑃 − 𝑄)‖ + 2
√

2𝜀)
.

Proof. See [SY25], Lemma 33.

Theorem 41 (Local Theorem). Let P be a polyhedron with radius 𝜌 = 1 and 𝑃1, 𝑃2, 𝑃3, 𝑄1, 𝑄2, 𝑄3 ∈
P be not necessarily distinct. Assume that 𝑃1, 𝑃2, 𝑃3 and 𝑄1, 𝑄2, 𝑄3 are congruent.

Let 𝜀 > 0 and 𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼 ∈ ℝ, then set 𝑋1 ≔ 𝑋(𝜃1, 𝜑1), 𝑋2 ≔ 𝑋(𝜃2, 𝜑2) as well as
𝑀1 ≔ 𝑀(𝜃1, 𝜑1), 𝑀2 ≔ 𝑀(𝜃2, 𝜑2). Assume that there exist 𝜎𝑃 , 𝜎𝑄 ∈ {0, 1} such that

(−1)𝜎𝑃 ⟨𝑋1, 𝑃𝑖⟩ >
√

2𝜀 and (−1)𝜎𝑄⟨𝑋2, 𝑄𝑖⟩ >
√

2𝜀, (A𝜀)
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for all 𝑖 = 1, 2, 3. Moreover, assume that 𝑃1, 𝑃2, 𝑃3 are 𝜀-spanning for (𝜃1, 𝜑1) and that 𝑄1, 𝑄2, 𝑄3
are 𝜀-spanning for (𝜃2, 𝜑2). Finally, assume that for all 𝑖 = 1, 2, 3 and any 𝑄𝑗 ∈ P ∖𝑄𝑖 it
holds that

⟨𝑀2𝑄𝑖, 𝑀2(𝑄𝑖 − 𝑄𝑗)⟩ − 2𝜀‖𝑄𝑖 − 𝑄𝑗‖ ⋅ (
√

2 + 𝜀)
(‖𝑀2𝑄𝑖‖ +

√
2𝜀) ⋅ (‖𝑀2(𝑄𝑖 − 𝑄𝑗)‖ + 2

√
2𝜀)

>
√

5𝜀 + 𝛿
𝑟 , (B𝜀)

for some 𝑟 > 0 such that min𝑖=1,2,3 ‖𝑀2𝑄𝑖‖ > 𝑟 +
√

2𝜀 and for some 𝛿 ∈ ℝ with

𝛿 ≥ max
𝑖=1,2,3

∥𝑅(𝛼)𝑀1𝑃𝑖 − 𝑀2𝑄𝑖∥ /2.

Then there exists no solution to Rupert’s problem 𝑅(𝛼)𝑀(𝜃1, 𝜑1) P ⊂ 𝑀(𝜃2, 𝜑2) P∘ with

(𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼) ∈ [𝜃1 ± 𝜀, 𝜑1 ± 𝜀, 𝜃2 ± 𝜀, 𝜑2 ± 𝜀, 𝛼 ± 𝜀] ≔ 𝑈 ⊆ ℝ5 .

Proof. See [SY25], Theorem 36.
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Chapter 7

Rational Versions

Definition 42. We define the two functions sinℚ, cosℚ ∶ ℝ → ℝ by:

sinℚ(𝑥) ≔ 𝑥 − 𝑥3

3 + 𝑥5

5! ∓ ⋯ + 𝑥25

25! ,

cosℚ(𝑥) ≔ 1 − 𝑥2

2 + 𝑥4

4! ∓ ⋯ + 𝑥24

24! .

Further, by replacing sin, cos with sinℚ, cosℚ we define the functions

𝑅ℚ(𝛼), 𝑅′
ℚ(𝛼), 𝑋ℚ(𝜃, 𝜑), 𝑀ℚ(𝜃, 𝜑), 𝑀𝜃

ℚ(𝜃, 𝜑), 𝑀𝜑
ℚ (𝜃, 𝜑).

Lemma 43.
| sinℚ(𝑥) − sin(𝑥)| ≤ |𝑥|27

27! and | cosℚ(𝑥) − cos(𝑥)| ≤ |𝑥|26

26! .

Proof. Appeal to Taylor series bounds, using the fact that all absolute values of higher derivatives
of sine and cosine never exceed 1.

Lemma 44. For every 𝑥 ∈ [−4, 4] it holds that

| sinℚ(𝑥) − sin(𝑥)| ≤ 𝜅
7 and | cosℚ(𝑥) − cos(𝑥)| ≤ 𝜅

7 .

Proof. Straightforward numerical calculation from Lemma 43.

Lemma 45. Let 𝐴 = (𝑎𝑖,𝑗)1≤𝑖≤𝑚, 1≤𝑗≤𝑛 ∈ ℝ𝑚×𝑛 and 𝛿 > 0. Assume that |𝑎𝑖,𝑗| ≤ 𝛿. Then it
holds that ‖𝐴‖ ≤ 𝛿√𝑚𝑛.
Proof. For any 𝑣 ∈ ℝ𝑛 we have

‖𝐴𝑣‖2 =
𝑚

∑
𝑖=1

(
𝑛

∑
𝑗=1

𝑎𝑖,𝑗𝑣𝑗)
2

≤
𝑚

∑
𝑖=1

(
𝑛

∑
𝑗=1

𝛿|𝑣𝑗|)
2

= 𝛿2𝑚 (
𝑛

∑
𝑗=1

|𝑣𝑗|)
2

≤ 𝛿2𝑚𝑛‖𝑣‖2

using the Cauchy-Schwarz inequality. Dividing by ‖𝑣‖ and taking the square root proves the
claim.
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Lemma 46. Let 𝐴(𝑥, 𝑦) be an 𝑚 × 𝑛 matrix with 1 ≤ 𝑚, 𝑛 ≤ 3 such that every entry is in
[−1, 1].of the form 𝑎1(𝑥) ⋅ 𝑎2(𝑦) where 𝑎𝑖(𝑧) ∈ [−1, 1]. Define 𝐴ℚ(𝑥, 𝑦) by replacing sin with sinℚ
and cos with cosℚ. Then for every 𝑥, 𝑦 ∈ [−4, 4] it holds that ‖𝐴(𝑥, 𝑦) − 𝐴ℚ(𝑥, 𝑦)‖ ≤ 𝜅.

Proof. We’ve replaced the assumption 𝑎𝑖(𝑧) ∈ {0, 1, −1, ± sin(𝑧), ± cos(𝑧)} in [SY25]’s Lemma 40
with 𝑎𝑖(𝑧) ∈ [−1, 1].

By assumption, for fixed 𝑥, 𝑦 every entry of 𝐴(𝑥, 𝑦) − 𝐴ℚ(𝑥, 𝑦) is of the form 𝑎𝑏 − ̃𝑎 ̃𝑏 for some
𝑎, 𝑏 ∈ [−1, 1] and |𝑎 − ̃𝑎|, |𝑏 − ̃𝑏| ≤ 𝜅/7 by Theorem 44. This implies that

|𝑎𝑏 − ̃𝑎 ̃𝑏| ≤ |𝑎𝑏 − 𝑎 ̃𝑏| + |𝑎 ̃𝑏 − ̃𝑎 ̃𝑏| = |𝑎| ⋅ |𝑏 − ̃𝑏| + | ̃𝑏| ⋅ |𝑎 − ̃𝑎| ≤ 1 ⋅ 𝜅/7 + (1 + 𝜅/7) ⋅ 𝜅/7 < 𝜅/3.

So we can apply Theorem 45 and obtain that ‖𝐴(𝑥, 𝑦) − 𝐴ℚ(𝑥, 𝑦)‖ < 𝜅/3 ⋅
√

3 ⋅ 3 = 𝜅.

Corollary 47. Let 𝛼, 𝜃, 𝜑 ∈ [−4, 4]. Then it holds that

‖𝑅(𝛼) − 𝑅ℚ(𝛼)‖, ‖𝑅′(𝛼) − 𝑅′
ℚ(𝛼)‖, ‖𝑋(𝜃, 𝜑) − 𝑋ℚ(𝜃, 𝜑)‖, ‖𝑀(𝜃, 𝜑) − 𝑀ℚ(𝜃, 𝜑)‖,

‖𝑀𝜃(𝜃, 𝜑) − 𝑀𝜃
ℚ(𝜃, 𝜑)‖, ‖𝑀𝜑(𝜃, 𝜑) − 𝑀𝜑

ℚ (𝜃, 𝜑)‖ ≤ 𝜅.

Moreover,

‖𝑅ℚ(𝛼)‖, ‖𝑅′
ℚ(𝛼)‖, ‖𝑋ℚ(𝜃, 𝜑)‖, ‖𝑀ℚ(𝜃, 𝜑)‖, ‖𝑀𝜃

ℚ(𝜃, 𝜑)‖, ‖𝑀𝜑
ℚ (𝜃, 𝜑)‖ ≤ 1 + 𝜅

Proof. The first statement is a direct application of Theorem 46 and the second statement follows
immediately after using Theorem 12 and the triangle inequality.

Lemma 48. For 1 ≤ 𝑖 ≤ 𝑛 let (𝐴𝑖, 𝐵𝑖) be pairs of real matrices, such that for each 𝑖 the
dimensions of 𝐴𝑖 and 𝐵𝑖 are equal. Assume moreover that the products 𝐴1 ⋯ 𝐴𝑛 and 𝐵1 ⋯ 𝐵𝑛
are well defined. Finally, assume that ‖𝐴𝑖 − 𝐵𝑖‖ ≤ 𝜅 and let 𝛿𝑖 ≥ max(‖𝐴𝑖‖, ‖𝐵𝑖‖, 1). Then it
holds that ‖𝐴1 ⋯ 𝐴𝑛 − 𝐵1 ⋯ 𝐵𝑛‖ ≤ 𝑛𝜅 ⋅ 𝛿1 ⋯ 𝛿𝑛.

Proof. See [SY25], Lemma 42.

Lemma 49. Let 𝛼, 𝜃, 𝜑 ∈ [−4, 4], 𝑃 ∈ ℝ3 with ‖𝑃 ‖ ≤ 1 and let 𝑃 be a 𝜅-rational approximation
of 𝑃 . Set 𝑀 = 𝑀(𝜃, 𝜑) and 𝑀ℚ = 𝑀ℚ(𝜃, 𝜑), 𝑀𝜃 = 𝑀𝜃(𝜃, 𝜑), 𝑀𝜃

ℚ = 𝑀𝜃
ℚ(𝜃, 𝜑), 𝑀𝜑 = 𝑀𝜑(𝜃, 𝜑),

𝑀𝜑
ℚ = 𝑀𝜑

ℚ (𝜃, 𝜑) as well as 𝑅 = 𝑅(𝛼), 𝑅ℚ = 𝑅ℚ(𝛼), 𝑅′ = 𝑅′(𝛼), 𝑅′
ℚ = 𝑅′

ℚ(𝛼). Finally let
𝑤 ∈ ℝ2 with ‖𝑤‖ = 1. Then:

|⟨𝑀𝑃 , 𝑤⟩ − ⟨𝑀ℚ𝑃 , 𝑤⟩| ≤ 3𝜅, (7.1)
|⟨𝑀𝜃𝑃 , 𝑤⟩ − ⟨𝑀𝜃

ℚ𝑃 , 𝑤⟩| ≤ 3𝜅, (7.2)

|⟨𝑀𝜑𝑃 , 𝑤⟩ − ⟨𝑀𝜑
ℚ 𝑃 , 𝑤⟩| ≤ 3𝜅, (7.3)

|⟨𝑅𝑀𝑃, 𝑤⟩ − ⟨𝑅ℚ𝑀ℚ𝑃 , 𝑤⟩| ≤ 4𝜅, (7.4)
|⟨𝑅′𝑀𝑃, 𝑤⟩ − ⟨𝑅′

ℚ𝑀ℚ𝑃 , 𝑤⟩| ≤ 4𝜅, (7.5)

|⟨𝑅𝑀𝜃𝑃 , 𝑤⟩ − ⟨𝑅ℚ𝑀𝜃
ℚ𝑃 , 𝑤⟩| ≤ 4𝜅, (7.6)

|⟨𝑅𝑀𝜑𝑃 , 𝑤⟩ − ⟨𝑅ℚ𝑀𝜑
ℚ 𝑃 , 𝑤⟩| ≤ 4𝜅. (7.7)

Proof. See [SY25], Lemma 44.
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Theorem 50 (Rational Global Theorem). Let P be a pointsymmetric convex polyhedron with ra-
dius 𝜌 = 1 and P̃ a 𝜅-rational approximation. Let 𝑆 ∈ P̃. Further let 𝜀 > 0 and 𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼 ∈
ℚ ∩[−4, 4]. Let 𝑤 ∈ ℚ2 be a unit vector. Denote 𝑀1 ≔ 𝑀ℚ(𝜃1, 𝜑1), 𝑀2 ≔ 𝑀ℚ(𝜃2, 𝜑2) as well as
𝑀1

𝜃 ≔ 𝑀𝜃
ℚ(𝜃1, 𝜑1), 𝑀1

𝜑 ≔ 𝑀𝜑
ℚ (𝜃1, 𝜑1) and analogously for 𝑀2

𝜃, 𝑀2
𝜑

. Finally set

𝐺ℚ ≔ ⟨𝑅ℚ(𝛼)𝑀1𝑆, 𝑤⟩ − 𝜀 ⋅ (|⟨𝑅′
ℚ(𝛼)𝑀1𝑆, 𝑤⟩| + |⟨𝑅ℚ(𝛼)𝑀1

𝜃𝑆, 𝑤⟩| + |⟨𝑅ℚ(𝛼)𝑀1
𝜑𝑆, 𝑤⟩|)

− 9𝜀2/2 − 4𝜅(1 + 3𝜀),
𝐻ℚ

𝑃 ≔ ⟨𝑀2𝑃 , 𝑤⟩ + 𝜀 ⋅ (|⟨𝑀2
𝜃𝑃 , 𝑤⟩| + |⟨𝑀2

𝜑𝑃 , 𝑤⟩|) + 2𝜀2 + 3𝜅(1 + 2𝜀).

If 𝐺ℚ > max𝑃∈P̃ 𝐻ℚ
𝑃 then there does not exist a solution to Rupert’s condition to P with

(𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼) ∈ [𝜃1 ± 𝜀, 𝜑1 ± 𝜀, 𝜃2 ± 𝜀, 𝜑2 ± 𝜀, 𝛼 ± 𝜀].

Proof.

Definition 51. Let 𝜃, 𝜑 ∈ ℚ ∩[−4, 4] and 𝑀ℚ ≔ 𝑀ℚ(𝜃, 𝜑). Three points 𝑃1, 𝑃2, 𝑃3 ∈ ℚ3 with
‖𝑃1‖, ‖𝑃2‖, ‖𝑃3‖ ≤ 1 + 𝜅 are called 𝜀-𝜅-spanning for (𝜃, 𝜑) if it holds that:

⟨𝑅(𝜋/2)𝑀ℚ𝑃1, 𝑀ℚ𝑃2⟩ > 2𝜀(
√

2 + 𝜀) + 6𝜅,
⟨𝑅(𝜋/2)𝑀ℚ𝑃2, 𝑀ℚ𝑃3⟩ > 2𝜀(

√
2 + 𝜀) + 6𝜅,

⟨𝑅(𝜋/2)𝑀ℚ𝑃3, 𝑀ℚ𝑃1⟩ > 2𝜀(
√

2 + 𝜀) + 6𝜅.

Lemma 52. Let 𝑃1, 𝑃2, 𝑃3 ∈ ℝ3 with ‖𝑃𝑖‖ ≤ 1 and 𝑃1, 𝑃2, 𝑃3 ∈ ℚ3 be their 𝜅-rational approxi-
mations. Assume that 𝑃1, 𝑃2, 𝑃3 are 𝜀-𝜅-spanning for some 𝜃, 𝜑 ∈ ℚ ∩[−4, 4], then 𝑃1, 𝑃2, 𝑃3 are
𝜀-spanning for 𝜃, 𝜑.

Proof. See [SY25], Lemma 46.

Lemma 53. Let 𝑃 , 𝑄 ∈ ℝ3 with ‖𝑃 ‖, ‖𝑄‖ ≤ 1 and 𝑃 , 𝑄 some respective 𝜅-rational approxi-
mations. Moreover, let 𝛼, 𝜃, 𝜑 ∈ ℝ ∈ [−4, 4] and set 𝑋 = 𝑋(𝜃, 𝜑), 𝑋ℚ = 𝑋ℚ(𝜃, 𝜑) as well as
𝑀 = 𝑀(𝜃, 𝜑), 𝑀ℚ = 𝑀ℚ(𝜃, 𝜑). Then

|⟨𝑋, 𝑃 ⟩ − ⟨𝑋ℚ, 𝑃 ⟩| ≤ 3𝜅, (7.8)

|⟨𝑀𝑃 , 𝑀𝑄⟩ − ⟨𝑀ℚ𝑃 , 𝑀ℚ𝑄⟩| ≤ 5𝜅, (7.9)

|‖𝑀𝑄‖ − ‖𝑀ℚ𝑄‖| ≤ 3𝜅. (7.10)

Proof. See [SY25], Lemma 49.

Corollary 54. In the setting of Theorem 53 let additionally 𝜃, 𝜑 ∈ ℝ ∩[−4, 4] and set 𝑀 =
𝑀(𝜃, 𝜑), 𝑀ℚ = 𝑀ℚ(𝜃, 𝜑). Then

|‖𝑅(𝛼)𝑀𝑃 − 𝑀𝑄‖ − ‖𝑅ℚ(𝛼)𝑀ℚ𝑃 − 𝑀ℚ𝑄‖| ≤ 6𝜅.

Proof. See [SY25], Corollary 50.
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Corollary 55. In the setting of Theorem 53, let +√𝑥 be an upper-ℚ-square-root function and set
‖𝑥‖+ ≔ +√‖𝑥‖2. Set

𝐴 = ⟨𝑀𝑃, 𝑀(𝑃 − 𝑄)⟩ − 2𝜀‖𝑃 − 𝑄‖ ⋅ (
√

2 + 𝜀)
(‖𝑀𝑃‖ +

√
2𝜀) ⋅ (‖𝑀(𝑃 − 𝑄)‖ + 2

√
2𝜀)

as well as

𝐴ℚ = ⟨𝑀ℚ𝑃 , 𝑀ℚ(𝑃 − 𝑄)⟩ − 10𝜅 − 2𝜀(‖𝑃 − 𝑄‖+ + 2𝜅) ⋅ (
√

2 + 𝜀)
(‖𝑀ℚ𝑃‖+ +

√
2𝜀 + 3𝜅) ⋅ (‖𝑀ℚ(𝑃 − 𝑄)‖+ + 2

√
2𝜀 + 6𝜅)

.

Then it holds that 𝐴 ≥ 𝐴ℚ.

Proof. See [SY25], Corollary 51.

Theorem 56 (Rational Local Theorem). Let P be a polyhedron with radius 𝜌 = 1 and 𝑃𝑖 be a
𝜅-rational approximation of 𝑃𝑖 ∈ P. Set P̃ = {𝑃𝑖 for 𝑃𝑖 ∈ P}. Let 𝑃1, 𝑃2, 𝑃3, 𝑄1, 𝑄2, 𝑄3 ∈ P
be not necessarily distinct and assume that 𝑃1, 𝑃2, 𝑃3 and 𝑄1, 𝑄2, 𝑄3 are congruent. Let 𝜀 > 0
and 𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼 ∈ ℚ ∩[−4, 4]. Set 𝑋1 ≔ 𝑋ℚ(𝜃1, 𝜑1), 𝑋2 ≔ 𝑋ℚ(𝜃2, 𝜑2) as well as 𝑀1 ≔
𝑀ℚ(𝜃1, 𝜑1), 𝑀2 ≔ 𝑀ℚ(𝜃2, 𝜑2). Assume that there exist 𝜎𝑃 , 𝜎𝑄 ∈ {0, 1} such that

(−1)𝜎𝑃 ⟨𝑋1, 𝑃𝑖⟩ >
√

2𝜀 + 3𝜅 and (−1)𝜎𝑄⟨𝑋2, 𝑄𝑖⟩ >
√

2𝜀 + 3𝜅, (Aℚ
𝜀 )

for all 𝑖 = 1, 2, 3. Moreover, assume that 𝑃1, 𝑃2, 𝑃3 are 𝜀-𝜅-spanning for (𝜃1, 𝜑1) and that
𝑄1, 𝑄2, 𝑄3 are 𝜀-𝜅-spanning for (𝜃2, 𝜑2). Let +√𝑥 and −√𝑥 be upper- and lower-ℚ-square-root
functions, then set ‖𝑍‖+ ≔ +√‖𝑍‖2 and ‖𝑍‖− ≔ −√‖𝑍‖2 for 𝑍 ∈ ℚ𝑛. Finally, assume that for all
𝑖 = 1, 2, 3 and any 𝑄𝑗 ∈ P̃ ∖ 𝑄𝑖 it holds that

⟨𝑀2𝑄𝑖, 𝑀2(𝑄𝑖 − 𝑄𝑗)⟩ − 10𝜅 − 2𝜀(‖𝑄𝑖 − 𝑄𝑗‖+ + 2𝜅) ⋅ (
√

2 + 𝜀)
(‖𝑀2𝑄𝑖‖+ +

√
2𝜀 + 3𝜅) ⋅ (‖𝑀2(𝑄𝑖 − 𝑄𝑗)‖+ + 2

√
2𝜀 + 6𝜅)

>
√

5𝜀 + 𝛿
𝑟 , (Bℚ

𝜀 )

for some 𝑟 > 0 such that min𝑖=1,2,3 ‖𝑀2𝑄𝑖‖− > 𝑟 +
√

2𝜀 + 3𝜅 and for some 𝛿 ∈ ℝ with

𝛿 = max
𝑖=1,2,3

∥𝑅ℚ(𝛼)𝑀1𝑃𝑖 − 𝑀2𝑄𝑖∥+
/2 + 3𝜅.

Then there exists no solution to Rupert’s problem 𝑅(𝛼)𝑀(𝜃1, 𝜑1) P ⊂ 𝑀(𝜃2, 𝜑2) P∘ with

(𝜃1, 𝜑1, 𝜃2, 𝜑2, 𝛼) ∈ [𝜃1 ± 𝜀, 𝜑1 ± 𝜀, 𝜃2 ± 𝜀, 𝜑2 ± 𝜀, 𝛼 ± 𝜀] ⊆ ℝ5 .

Proof. ,
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Chapter 8

Computational Step

Theorem 57. There exists a valid solution table with some row that covers

𝜃1, 𝜃2 ∈ [0, 2𝜋/15] ⊂ [0, 0.42],
𝜑1 ∈ [0, 𝜋] ⊂ [0, 3.15],
𝜑2 ∈ [0, 𝜋/2] ⊂ [0, 1.58],
𝛼 ∈ [−𝜋/2, 𝜋/2] ⊂ [−1.58, 1.58].

Proof. By exhibiting the table and running the validity checking algorithm.

Theorem 58. For any valid row in a valid solution table, there can be no Rupert solution in the
pose interval of that row.

Proof. Either appeal recursively to this same theorem if the row splits into other nodes in the tree,
or appeal to the rational global theorem (Theorem 50) or the rational local theorem (Theorem 56)
at the leaves.
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Chapter 9

Main Theorems

Theorem 59. There does not in fact exist a noperthedron Rupert solution with

𝜃1, 𝜃2 ∈ [0, 2𝜋/15] ⊂ [0, 0.42],
𝜑1 ∈ [0, 𝜋] ⊂ [0, 3.15],
𝜑2 ∈ [0, 𝜋/2] ⊂ [0, 1.58],
𝛼 ∈ [−𝜋/2, 𝜋/2] ⊂ [−1.58, 1.58].

Proof. By 57, there is a valid solution table containing a valid row whose pose interval is a
superset of the 5-d interval above. By 58, this means there is no Rupert solution in that interval.

Theorem 60. There is no view pose that makes the noperthedron have the Rupert property.

Proof. Theorem 59 says there is no tight view pose that makes the noperthedron Rupert. Corol-
lary 11 says that this suffices for the general case.

Theorem 61. There is no purely rotational pose that makes the noperthedron have the Rupert
property.

Proof. Suppose there were a purely rotational pose. Then convert that to an equivalent view
pose with Theorem 21 and appeal to Theorem 60.

Theorem 62. There is no pose that makes the noperthedron have the Rupert property.

Proof. By Theorem 22, we need only show that the noperthedron is pointsymmetric to see that
if it is Rupert, then it must be Rupert via a purely rotational pose. But Lemma 9 shows exactly
this. And yet we know via Theorem 61 that the noperthedron is not rotationally Rupert, so we
have a contradiction, hence the noperthedron has no pose that makes it Rupert.

Theorem 63. The noperthedron is not a Rupert set.

Proof. By Theorem 62, there is no pose that makes the noperthedron a Rupert set.

Theorem 64. The noperthedron is not a Rupert polyhedron.

Proof. By Theorem 20 it suffices to show that the convex hull of the noperthedron vertices is
not a Rupert set. But this is exactly what Theorem 63 shows.
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